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Abstract 
A conjecture concerning the construction of explicit expressions for the central characters of 
the symmetric group S, is presented. The expression for the central characters corresponding 
to a class with a given cycle structure (l)“(2)” . (n)‘” is a polynomial in the symmetric 
power sums over the “contents” of the Young diagram specifying the irreducible representation 
of interest. Each term in this polynomial is a product of symmetric power sums multiplied by 
a polynomial in n. Both the degrees of the polynomials in n and the powers of the various 
symmetric power sums appearing in each term are specified by an algorithm involving sets of 
partitions of integers associated with the lengths of the nontrivial cycles specifying the class 
of interest and combinations thereof. The coefficients of the polynomials in n are obtained by 
solving a system of linear equations which arise from the evaluation of the proposed expression 
for the central characters with respect to Young diagrams whose number of boxes is less than 
EYE, if,, and equating to zero. 
1. Introduction 
The class-sums of the symmetric group form a basis for the center of the correspond- 
ing group-algebra. Their eigenvalues, denoted 3,: where C stands for a conjugacy-class 
and I- for an irreducible representation (ix-rep), are related to the characters of the 
ordinary irreps via 
ICI is the number of group elements in the class C and Irl is the degree of the irrep 
r. The eigenvalues 2: are sometimes referred to as the central characters. 
The central characters corresponding to the single-cycle class-sums [(p& have been 
investigated in [4,7, lo]. In [4] they have been shown to be expressible as polynomials 
in the symmetric power-sums over the “contents” of the Young diagram specifying the 
irrep; the “content” of a box in a Young diagram being the difference between its 
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column index j and its row index i. These symmetric power-sums are defined as 
follows 
ok = c (j - i)k 
G,jEr 
(2) 
A representation-free algorithm for constructing the expressions for the central char- 
acters &,,ln of single-cycle class-sums in terms of the symmetric power-sums over 
the “contents” was proposed in [7]. Extensive computations using this algorithm were 
presented in [lo], where explicit expressions for the central characters corresponding 
to class-sums consisting of a cycle of length up to 18 were constructed. It will be 
convenient to denote a partition of an integer r into parts none of which is less than 2 
by the multi-index [no, 3, . . .I, where Ci3* i . ni = r. The set of such partitions of r 
will be denoted by !&(r - 1). Using these definitions the algorithm can be formulated 
in terms of two conjectures and a lemma, as follows: 
Conjecture 1. The expression for &,,ln as a polynomial in ~1, cr2, . . . , op_l is of the 
form 
P---l 
Lip)], = c fb”““““““+‘l(n) n $+2 ) 
(3) 
b2, n3, -., np+ll E Q’,(P) i=l 
where f ‘n2’n3’.‘.‘“““1(n) is a polynomial of degree n2 in n, whose coefficients depend 
on [n2, n3,...,np+ll. 
Conjecture 2. The coefficient of gP-l in the expression for &,),, is equal to 1. 
Lemma. For p > n, IZEp,l” vanishes. 
To obtain the expression for the central characters corresponding to the single-cycle 
class-sum [(P)]~ one should first obtain the form of the corresponding expression 
using conjecture 1 and then use conjecture 2 and the lemma to determine the values 
of the coefficients in the polynomials f’n2’n3r”““p+‘1 (n) by constructing and solving an 
appropriate system of linear equations. The central characters of the first five single- 
cycle class-sums are 
&2,,n = 019 (4) 
$s),” = c2 - in<fi - 11, (5) 
&,,n = 03 - (2n - 3)a1, (6) 
&j,, = a4 - (3n - lo)02 - 20; + in(n - 1)(5n - 19), (7) 
‘~6~1, = 05 - (4n - 25)03 - 601~2 + (6n2 - 38n + 40)~~~. (8) 
The first two, Eqs. (4) and (5), had been derived by Jucys [l] and by Suzuki [ll]. 
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2. Central characters for multi-cycle classes, using the class-algebraic relations 
It had been shown by Kramer [2] that the single-cycle class-sums form polynomial 
generators of the center of the group-algebra of the symmetric group. An immediate 
implication is that the expressions for the central characters of arbitrary class-sums in 
the symmetric group can be expressed as polynomials in the expressions for the central 
characters corresponding to single-cycle class-sums. The explicit construction of these 
expressions depends on the algebraic relations satisfied by the various class-sums. More 
specifically, expressions for products of class-sums in terms of linear combinations of 
class-sums are needed. Such expressions can in principle be obtained using the character 
table of the corresponding group. A direct combinatorial procedure for the evaluation 
of such class-sum products is presented in [3,5,6,8,9]. 
Applying just the expressions for the products of the class of transpositions [9] and 
of the class of three-cycles [3] we obtain the following relations: 
W)ln . [(2&I = 2K2)21n + 3[(3)L + $z(, - l)Z,, 
[(2)1n [(3)ln = L(2)(3)], + 4[(4>]n + 2(n - 2)[(2)],, 
[(2)1n . [(4)ln = [(2)(4)ln + 5[(5)]n + 4[(2)*]n + 3(n - 3)[(3)ln, 
[@)&I .[(5>ln = K2>(5)ln + 6[(6>]n + 6[(2)(3)ln + 4(n - 4)[(4)],, 
[(3)ln .[(3)1n=2[(3)21n+5[(5)1,+8[(2)2],+(3n - 8)[(3)]n++n(n - ~)(n - 2)1,, 
K3)ln . K4)ln = [ (3)(4)ln + 4[(4)], + 6[(6)ln + 4(n - 4)[(4)ln 
+ 12[(2)(3)1, + 2(n - 2)@ - 3)[(2)h 
[(2)]n. [(2)*ln = 3[(2)3in + 3[(2)(3h + 2[(4% + ;@ - 2)@ - 3)[(2)],, 
[(2)]n wm = 2 [(2)*(3)L + 6~3)~]~ + 4[(2)(4)ln + 5[(5)], 
+ 4(n - 4)[(2)% + ;(n - 3)k - 4x(3)1,, 
[(2>1n. [(2>31n = 4 [(2)41, + 3[(2>2(3)]n + 2[(2)(4)], 
+ i(n - 4)(~ - 5)[(2)%, 
[(2)ln .L(2)(4)], = 2 [(2>*(4)ln + 3[(3)(4)ln + 5[(2)(5)], + 6[(6)ln + 12[(2)~]~ 
+ 3(n - 5)[(2)(3)ln + $(n - 4)(n - 5X(4)],, 
[(2>1n . L(3)*], = [(2)(3)*ln + 4[(3)(4)],, + 3[(6)],, + 2(n - 5)[(2)(3)],, 
[(2>1n CW*Wln = 3 [W3(3)], + 6[(2)(3)2]n + 4[(2)2(4)]n 
+2[(3)(4)1, + 5[(2)(5)1, + 6(n - 6>[(2)3],, 
+ +(n - 5)(n - 6)[(2)(3)1,, 
[(2)h . [(2)41n = 5[(2)51n + 3w3(3>in + 2[(2)2(4)]n + ;@ - 6)(n - 7)[(2)3]n, 
where I, is the class of the identity. 
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Using these expressions to construct expressions for multi-cycle class-sums in terms 
of single-cycle class-sums, along with the expressions for the central characters for 
the single-cycle class-sums, Eqs. 4-8, we obtain the following expressions for central 
characters corresponding to multi-cycle class-sums: 
42,% = 
n(n - 1) 
$0: - $2 + -, 
2 
‘%Wln = rTlcT2 - 403 - 
n2 - 13n + 16 
2 
@I, 
(9) 
(10) 
G2x4h = o~a3-5a4-(2n-ll)a~+(12n-35)0~--~n(n-1)(2n-7), (11) 
- (3n - 40)ato2 + 
( 
in3 - 29n2 + yn - 144 
> 
fsl, (12) 
2;3,‘,. = ; 02’ - $74 - ;(e’ - 13n + 30)02 + 3f~: 
+ $n(n - l)(n2 - 13~ + 34), (13) 
‘Ii3 K4Nll = 02 03 - 605 - (2n - 27)ar cr2 - 
1 41 
in2 - 2n + 90 
> 
o3 
( 
53 251 
+ n3 - -n2 + -n - 120 
2 2 > 
~1, 
‘If,2,,,n = $0: - 20102 + y03 + ( ln2 - in + 5)0r, 
(14) 
(15) 
‘&W,n =; 
3 
+2 - 4o,a3 - ycr: + 1504 - 
25 
in2 - 4n + 26 CT; 
> 
+ i(n2 - 25n + 60)az - kn(n - l)(n’ - 25n + 72), (16) 
‘&2)2(4)~~ = i do3 - 50104 - $2c3 + 2105 + ( - IZ + G)$ 
+ (15n - y)cJ102 + (in2 - $!n +280)03 
11 157 
--_n3+-n2- 
2069 
+ 
3 2 
--n+315 ol, 
6 > 
+ - in2 + $n - 95)olm + (2n2 - 62n + 245)~~ 
fn4-!.Jn3+~n2- 
1245 
-n+280 01, 
4 > 
(17) 
(18) 
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Jr 10 35 17 T(2)“l” = - 1 
4! 
CT + -0103 - 4~i~2 3 - 
3 
4o4 + -0: 9 
8 
+ ( -2 1 - 
4 
4n + 14 ) 0: 
+ 
( 
- in2 + T?z - 35)~~ + n(n - 1)(in2 - gn + g), (19) 
*I- 1 3 28 
“K2)3(3)10 = - +2 - 2&x - -cJ,.; - 3! 2 
+ 150,a4 56~~~ + -6203 
3 
+ ( - &n2+ 2~2-22 ) ( rs: + 5 -n2 177 - 4 4n+272 ) 0162 
- (p - Yn+560 > 63 
ZZ 
-( -n4 4 1 -Tn3+4iz2- 23 671 -n 1293  f560 ) 01, 
L5 1 
-fJ302 4’ 
5 35 9 126 
5! fJ, - + -c+ 3 - -CJ104 4 + -,,O; 8 + -65  - %2cJ3 
-( 3 -n2 87 - -n + ~)CJ,CT~ + (An2 - gn + T)cJf 4 4 
+ 
( 
in2 - yn + 210)crj 
2713 
+ -n+ 189 
12 ) 
~1. 
P-0) 
(21) 
3. A conjectured algorithm for arbitrary central characters 
The algorithm presented in the Introduction for the representation-free construction 
of the expressions for the central characters corresponding to single-cycle class-sums 
will now be generalized to arbitrary class-sums. 
A class-sum in S,, is specified by a k-tuple of cycle-lengths ~1, p2, . . . , pk, none of 
which is less than 2. To obtain the expression for the corresponding central characters 
we construct all the partitions of { 1, 2, . . , k} into e (disjoint) sets Si, S2, . . . , Sf where 
l<t<k and&U&U...USl = (1, 2, . . . . k}. For each ofthesepartitions we define an 
!-fusion of ~1, p2, . ., pk as an e-tuple (pi, ~2, . . ., p/) where pj = 2+Cj,=,(pj-l). 
The set of E-fusions of ~1, p2, . . . , Pk is denoted by $f(pl, ~2, , Pkh 
For each one of the integers pi belonging to an d-fusion we form all the parti- 
tions into parts none of which is less than 2, that are specified by the multi-indices 
[ny), ny’, . . .], defined in the Introduction. 
A multi-partition of the e-tuple pi, ~2, . . . , pd is formed by summing the multi- 
indices corresponding to a set of e partitions of the / components pi, ~2, . , p/, 
entrywise, 
[n2, n3, . . .] = 
i 
Lnt), kny), . . . ;. 
i=l i=l I 
The set of (distinct) multi-partitions of the L’-tuple pl, ~2, . . , pr is denoted by 
@2(Pl, P2, . . .> Pr). 
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We now form the ensemble of multi-partitions corresponding to all possible fusions 
of the k-tuple (PI, ~2, . . . . pk), 
G2(Ph P2, . . . . Pk) = 6 U @2(P1,P2,...,Pe) . 
l=’ (PI> P2 ,..., PrE$/,(Pl,P2,...3 Pk) 
The reduced ensemble of multi-partitions, denoted by P2(pl, ~2,. . . , pk), is obtained 
from \k2(p1, ~2, . . . . pk) by retaining only the multi-partition with the largest value of 
n2 within each subset of multi-partitions with common (n3, n4, . . .). 
Conjecture 1 is generalized into: 
Conjecture 3. The expression for the central characters corresponding to a class con- 
sisting of k cycles of lengths ~1, p2, . . . , pk, with n - cf=, pi fixed-points (cycles of 
unit-length), is of the form 
GPl )(PZMPk% = c 
f hn3, ...I (n) . I-J 0)1+*, (22) 
[nz,~3,~~~lE~z(pl,Pz,.... Pk) i32 
where fbz?%“‘l (n) is a polynomial in 12 of degree 122. 
Conjecture 4. The coefficient of the term nf=, cp,-l in the expression for the central 
characters corresponding to the class specified by the cycle lengths ~1, p2, . . . , pk is 
( nrna3 v,! -‘, where vm = Et, d(Pi,m) > ( m 22) and 6(pi,m) is Kronecker’s delta. 
Conjecture 5. The expression for the central character vanishes when it is evaluated 
with respect to an irrep whose Young diagram consists of a number of boxes smaller 
than CF=, pi. 
The following is a generalization of an assumption which was made implicitly in [4] 
and which was found to hold for all the cases explicitly examined, i.e. all single-cycle 
class-sums with a cycle of length p < 20. 
Conjecture 6. The number of linearly independent equations generated by application 
of conjecture 5 is equal to the number of undetermined coefficients appearing in the 
expression for the central characters corresponding to any class-sum in the symmetric 
group. 
Remark. The actual number of equations is usually larger than the number 
mined coefficients. The fact that they are found to be consistent supports 
set of conjectures. 
4. Illustrative examples of the application of the algorithm 
of undeter- 
the present 
For a class-sum consisting of two cycles of lengths p1 and p2 we have to consider 
the l-fusion with S1 = { 1, 2) and the 2-fusion with S1 = {I} and S2 = (2). The 
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former gives rise to pt = pl + p2, whereas the latter gives rise to p1 = pI + 1 and 
,02 = p2 + 1. Thus, for PI = p2 = 2 we have to consider multi-partitions of (4) and 
of (3,3) into parts none of which is less than 2. The (reduced) ensemble of multi- 
partitions is {[no = 21, [nd = 11, [12x = 2]}, giving rise to the following expression for 
the corresponding central characters 
/2;,,,, = “y21$ + g4=‘la2 + ($F2ln2 + @=2ln + @=21> 
By conjecture 4 at3=21 = i and by conjecture 5 the expression specified above should 
vanish for all Young diagrams with less than 4 boxes. Thus, for IZ = 0 we obtain 
(n2=2] 
a0 
= 0 and for n = 1 ,y[lnzz2' = -&Q=~], For the irrep [2] crt = 02 = 1, hence 
1 + $=ll + 2@=21 = 0, and for the ix-rep [2, l] err = 0 and cr2 = 2, hence 2c$“=” + 
3 2Ur2=21 = 0. Thus, apz2] = i and ~$!=r’ = - 5. This is in agreement with Eq. 9. 
For the class-sum [(2)(3)‘ln the l-, 2- and 3-fusions are (7) (5, 4), (3, 6) and (3, 
4, 4), giving rise to the following sets of multi-partitions: 
a2(7) = {[+ = 11, [n2 = 1, Pz5 = 11, [ns = 1, rz4 = 11, [Q = 2, n3 = 1]}, 
Q2(5,4) = (11~4 = 1, n5=1],[122=2,ng=l],[n2=l,n3=1,n4=1],[n2=3,n3=1]}, 
Q2(fi3) = (m3 = 1, n6 = 11, [122 = 1,n3 = 1,n4 = 1],[n3 = 3],[n2 = 3,Q = I]}, 
a2(4, 4, 3) = {[n3 = 1, n4 = 21, [n2 = 2, n3 = 1, n4 = 11, [n2 = 4, n3 = I]}. 
Retaining only the representative with the largest value of n2 within each subset of 
multi-partitions with common n2, n3, . . . we obtain the following reduced ensemble of 
multi-partitions 
9, = {[Q = 11, [n4 = 1, n5 = 11, [n2 = 2, n5 = 11, [n3 = 1, n6 = 11, 
[n3 = 31, [n3 = 1, n4 = 21, [n2 = 2, n3 = 1, n4 = 11, [n2 = 4, n3 = l] }. 
The eight multi-partitions generated correspond to the eight terms in eq. (18) each 
with a polynomial in n of appropriate order. The application of conjectures 4 and 5 
yields all the remaining coefficients, as implied by conjecture 6. 
5. Conclusions 
A completely general procedure is presented, providing the expression for the central 
character corresponding to any class-sum in the symmetric group algebra. The structure 
of the expression depends only on the cycles of length greater than unity, the depen- 
dence on the number of fixed points entering explicitly through the n dependence of 
the polynomial coefficients. While the formulation of conjecture 3 may appear forbid- 
ding, it is in fact very easy to implement, as the two examples presented in Section 4 
illustrate. No other non-iterative procedure exists at present. 
The conjectural nature of the algorithm proposed in Section 3 is offered as a challenge 
to the interested community. 
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